Introduction
For an n × n matrix A = (a ij ) 1 i,j n over the field of complex numbers, we often write det A in the form |a ij | 1 i,j n . In this paper we study determinants with Legendre symbol entries.
Let p be an odd prime and let ( For m ∈ Z let {m} p denote the least nonnegative residue of an integer m modulo p. For any integer a ≡ 0 (mod p), {aj} p (j = 1, . . . , p − 1) is a permutation of 1, . . . , p − 1, and its sign is the Legendre symbol ( a p ) by Zolotarev's theorem (cf. [DH] and [Z] ). Therefore, for any integer d ≡ 0 (mod p) we have Since (p + 1)/2 − i + (p + 1)/2 − j − 1 ≡ −(i + j) (mod p), we see that 
Note that (1.3) and (1.4) together yield an interesting identity
Taking the norm with respect to the field extension Q( √ p)/Q, we are led to the identity
since N (ε p ) = −1 (cf. Theorem 3 of [Co62, p. 185] ). This provides an explicit solution to the diophantine equation x 2 − py 2 = (−1) h(p) . Now we state our first theorem.
(1.7)
Also, 8) and
(1.9) Remark 1.1. Let p be any odd prime. By Wilson's theorem,
(1.10) Corollary 1.1. Let p ≡ 1 (mod 4) be a prime, and write ε
with a p , b p ∈ Q, where ε p and h(p) are the fundamental unit and the class number of the real quadratic field Q( √ p). Then we have
Proof. By (1.6) we have
On the other hand, Chapman [Ch04, Corollary 3] proved that
So we have the first congruence in (1.11). Taking norms (with respect to the field extension Q( √ p)/Q) of both sides of the identity ε
we must have N (ε) = −1 and 2 ∤ h(p). This proves the second congruence in (1.11).
It is well known that for any odd prime p the (p − 1)/2 squares
give all the (p − 1)/2 quadratic residues modulo p. So we think that it's natural to consider some Legendre symbol determinants involving binary quadratic forms.
(1.12) and
When p ≡ 3 (mod 4), we have
(1.19) Remark 1.2. The author conjectured that (1.16) also holds for any prime p ≡ 1 (mod 4). This was later confirmed by his student Xiangzi Meng in the following way: The transpose of S(d, p) equals
with the help of Zolotarev's theorem. Example 1.1. Note that S(1, 11) =
Now we present our third theorem.
Theorem 1.3. (i) For any odd prime p, we have
(ii) Let p ≡ 3 (mod 4) be a prime. Then
We are going to prove Theorems 1.1-1.3 in the next section, and pose over ten new conjectures on determinants in Section 3.
Proof of Theorems
k be a polynomial with complex number coefficients. Then we have
Proof of Theorem 1.1. Set n = (p − 1)/2. For any c ∈ Z, we have
In light of Lemma 2.2,
Therefore (1.9) holds, and also
In the case p ≡ 1 (mod 4), from (2.2) we obtain
In the case p ≡ 3 (mod 4), (2.2) yields
(mod p) and hence (1.7) follows. Now it remains to show (1.8). If p ≡ 1 (mod 4), then by (1.6)
and hence we get (1.8) from (1.7). The proof of Theorem 1.1 is now complete.
Lemma 2.2. Let p ≡ 1 (mod 4) be a prime. Then
for some x ∈ Z we have
Therefore (2.3) holds.
Proof of Theorem 1.2(i). Let c ∈ Z with p ∤ c. For each j = 1, . . . , (p − 1)/2 let σ c (j) be the unique r ∈ {1, . . . , (p − 1)/2} such that cj ≡ r or − r (mod p). By a result of H. Pan [P06] , the sign of the permutation σ c equals (
Similarly the second equality in (1.14) also holds. Now we handle the case p ≡ 1 (mod 4). As ((p − 1)/2)! 2 ≡ −1 (mod p), by applying (1.14) with c = ((p − 1)/2)! and using (2.3) we immediately get (1.15).
Assume that p ≡ 3 (mod 4). As the transpose of S(−1, p) coincides with (
2 (mod p) for some integer c ≡ 0 (mod p), and hence
This proves (1.16). So far we have proved the first part of Theorem 1.2.
Proof of Theorem 1.2(ii). Set n = (p − 1)/2. For any c ∈ Z, we have
Therefore (1.19) holds, and also
with the help of (2.2). Combining this with (1.8) we obtain (1.18). Note that
and hence (
) with the help if Lemma 2.2. In the case ( 
Proof. For any integer a, it is well known that
and hence
Comparing the constant terms of both sides of the congruence (2.5), we obtain
and hence (2.4 follows.
Remark 2.1. Under the condition of Lemma 2.3, we could also prove the following congruences
(2.6) by comparing coefficients of y and y 2 in the congruence (2.5).
Proof of Theorem 1.3. (i) Set n = (p − 1)/2. Clearly
By Lemma 2.1,
In the case p ≡ 1 (mod 4), this yields
If p ≡ 3 (mod 4), then by (2.7) we have
So (1.20) always holds.
(ii) It is known (cf. [K05, (5.5)]) that
Taking n = (p − 1)/2 and x i = y i = i 2 for i = 1, . . . , n, we get
Observe that
with the help of Wilson's theorem. Also,
(1 + x 2 ) (mod p).
As −1 is a quadratic non-residue modulo p, applying (2.4) with d = −1 we get
.
So the desired congruence (1.21) follows from (2.8). We are done.
Some open conjectures on determinants
Wilson's theorem implies that
Conjecture 3.1 (2013-08-05). Let p be an odd prime. Then we have
Remark 3.1. See [Su13, A226163] for the sequence
where p n denotes the nth prime. In 1961 L. J. Mordell [M61] proved that for any prime p > 3 with p ≡ 3 (mod 4) we have
where h(−p) is the class number of the imaginary quadratic field Q( √ −p). 
To see this we note that
The following conjecture can be viewed as a supplement to Conjecture 3.2.
Conjecture 3.3 (2013-08-07). Let p be an odd prime, and let c, d ∈ Z with p ∤ cd. Define
Remark 3.3. See [Su13, A228005] for the sequence S 1 (1, p n ) (n = 2, 3, . . . ). Let p be an odd prime and let b, c, d ∈ Z with p ∤ bcd. It is easy to see that 
When (c, d) p is nonzero, its p-adic valuation ( i.e., p-adic order) must be even.
(ii) We have
(10, 9) p = 0 if p ≡ 5 (mod 12). ( 13, 17 (mod 20) .
(3.12)
Remark 3.5. See [Su13, A228095] for the sequence [3, 3] p n (n = 2, 3, . . . ). It is easy to see that [−c, d] 
] p for any odd prime p and integers c and d. Let p be any odd prime. For a, b, c ∈ Z with p ∤ a, it is known (cf. [BEW] ) that
Thus, for any c, d ∈ Z we can easily calculate the sum of all entries in a row or a column of (c, Conjecture 3.6 (2013-08-11) . Let p > 5 be a prime with p ≡ 1 (mod 4). Define
Remark 3.6. It is known that a skew-symmetric 2n × 2n determinant with integer entries is always a square (cf. [St90] and [K99] ). 3.7 (2013-08-20) . For any prime p > 3, we have
Conjecture
Furthermore, for any integer n > 2, both
Remark 3.7. Note that for any prime p = 2n − 1 and a ∈ Z we have a( a p ) ≡ a n (mod p). 3.8 (2013-08-12) . Let p ≡ 5 (mod 6) be a prime. Then
where ord p x denotes the p-adic order of a rational number x. Also, we have
for some x ∈ {1, . . . , (p − 1)/2}.
Remark 3.8. Compare this conjecture with Theorem 1.3(ii).
The (n+1)×(n+1) Hankel determinant associated with a sequence a 0 , a 1 , . . . of numbers is defined by |a i+j | 0 i,j n . The evaluation of this determinant is known for some particular sequences including Catalan numbers and Bell numbers (cf. [K99] ).
Conjecture 3.9 (2013-08-17). For any positive integers m and n, we have
where
denotes the m-th order harmonic number 0<j k 1/j m .
Remark 3.9. The author also conjectured that for any prime p ≡ 1 (mod 4) and m = 2, 4, 6, . . . we have
This was later confirmed by C. Krattenthaler. (ii) (2013-08-20) For any prime p ≡ 1 (mod 4) with p ≡ 1 (mod 24), we have
Remark 3.10. See [Su13, A225776] for the sequence |f i+j | 0 i,j n (n = 0, 1, 2, . . . ). (n = 0, 1, 2, . . . ), both |b i+j | 0 i,j n 10 n and |A i+j | 0 i,j n 24 n are always positive integers.
(ii) (2013-08-20) For any prime p with 2 ∤ ⌊p/10⌋ and p ≡ 31, 39 (mod 40), we have |b i+j | 0 i,j (p−1)/2 ≡ 0 (mod p).
(3.21)
Remark 3.11. See [Su13, A228143] for the sequence |A i+j | 0 i,j n (n = 0, 1, 2, . . . ). Remark 3.14. See [Sl, A002895] for some basic properties of Domb numbers, and [Su13, A228289] for the sequence |D i+j | 0 i,j p n −1 (n = 1, 2, 3, . . . ). It is known that any prime p ≡ 1 (mod 3) can be written uniquely in the form x 2 + 3y 2 with x and y positive integers.
